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Abstract. 
      The relativistic four-quark equations are found in the framework of the dispersion 
relation technique. The dynamical mixing of the four-quark amplitudes and the glueball 
amplitudes is considered. The approximate solutions of these equations using the method based 
on the extraction of leading singularities of the amplitudes are obtained. The four-quark 
amplitudes of exotic mesons including the quarks of three flavors ( , , ) are calculated. 
The poles of these amplitudes determine the masses of the exotic mesons. 
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I. Introduction. 
 
 Developing an understanding of the forces between mesons is important in the analyzing 
of many anomalous effects in the low-energy meson physics. The first extensive calculation 
was by Jaffe [1] who applied a semiclassical approximation of the MIT-bag model to qqqq  
spectroscopy. Jaffe and Low introduced a quantity, they called the P-matrix, whose poles are 
expected to correspond to the energies calculated in the bag model [2]. 
 Weinstein and Isgur searched for the full four-quark wavefunction in a large variational 
Gaussian basis [3]. They inverted the Shrodinger equation to obtain an effective potential and 
integrated this to calculate the phase shift. The flux tube model [4], which is based on strong 
coupling Hamiltonian lattice gauge theory, has clarified the status of the  model [5]. The 
flux tube model demonstrates that the two dimensional color basis of the  model is a 
truncation of the complete flux tube basis. The truncation is a good one in the sence that it 
closely reproduces the two lowest adiabatic potentials of the flux tube model [6]. It should be 
stressed that all predictions of multiquark bound states are entirely model-dependent, thus the 
predictions of the quark potential model serve as an important test [7-10]. In series of papers 
[11-15], a practical treatment of relativistic three-hadron systems has been developed. The 
physics of the three-hadron system is usefully described in terms of the pairwise interactions 
among the three particles. The theory is based on the two principles of unitarity and analyticity, 
as applied to the two-body subenergy channels. The linear integral equations in a single 
variable are obtained for the isobar amplitudes. Instead of the quadrature, methods of obtaining 
the set of suitable functions are identified and used as a basis for the expansion of the desired 
solutions. By this means the coupled integral equations are solved in terms of simple algebra. 
In the recent papers [16-18], the relativistic three-quark equations for the excited baryons are 
found in the framework of the dispersion relations technique. We have used the orbital-spin-
flavor wave functions for the construction of integral equations. We searched for the 
approximate solution of integral three-quark equations by taking into account two-particle and 
triangle singularities, all the weaker ones being neglected. If we considered such an 
approximation, which corresponds to taking into account two-body and triangle singularities, 
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and defined all the smooth functions in the middle point the physical region of the Dalitz plot, 
then the problem was reduced to solving a system of simple algebraic equations. 
 We calculated the mass spectra of excited baryons using the input four-fermion 
interaction with the quantum numbers of gluon [5]. In the present paper the relativistic four-
quark equations are found in the framework of coupled-channel formalism. The dynamical 
mixing between the glueball and the four-quark states is considered. The four-quark 
amplitudes of the exotic mesons are calculated. 
 In Section II the relativistic four-quark equations are constructed in the form of the 
dispersion relation over the two-body subenergy. The approximate solutions of these equations 
using the method based on the extraction of leading singularities of the amplitude are obtained. 
The four-quark amplitudes of low-lying exotic mesons are calculated. Section III is devoted to 
the calculation results for the exotic meson mass spectra (Tables I, II). In the Conclusion the 
status of the considered model is discussed. 
 
 
II. Four-quark amplitudes. 
 
We derive the relativistic four-quark equations in the framework of the dispersion 
relation technique. We use only planar diagrams; the other diagrams due to the rules of 
expansion [19-21] are neglected. The current generates a four-quark system. The correct 
equations for the amplitude are obtained by taking into account all possible subamplitudes. It 
corresponds to the division of complete system into subsystems with smaller number of 
particles. Then one should represent a four-particle amplitude as a sum of six subamplitudes:  
cN/1  
342423141312 AAAAAAA +++++= .        (1) 
This defines the division of the diagrams into groups according to the certain pair 
interaction of particles. The total amplitude can be represented graphically as a sum of 
diagrams. We need to consider only one group of diagrams and the amplitude corresponding to 
them, for example . We shall consider the derivation of the relativistic generalization of the 
Faddeev-Yakubovsky approach. The set of diagrams associated with the amplitude  can 
further be broken down into groups corresponding to subamplitudes: four-quark amplitudes  
12A
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A s s sl ( , , )12 123  ( l =1-4) and glueball amplitude  (Fig. 1). Here  is the two-
particle subenergy squared,  corresponds to the energy squared of particles i j  and  is 
the system total energy squared. 
),,( 34125 sssA iks
ijks k, ,  s
The system of graphical equations is determined by the subamplitudes using the self-
consistent method. The coefficients are determined by the permutation of quarks [22, 23].  
 In order to represent the subamplitudes  ( =1-4) and   in the 
form of a dispersion relation it is necessary to define the amplitudes of quark-antiquark 
interaction . The pair quarks amplitudes 
A s s sl ( , , )12 123 l ),,( 34125 sssA
)(na iks qqqq →  are calculated in the framework of 
the dispersion N/D method with the input four-fermion interaction [24-26] with the quantum 
numbers of the gluon [5, 27]. The regularization of the dispersion integral for the D-function is 
carried out with the cutoff parameter Λ . 
 The four-quark interaction is considered as an input: 
 2)()(2 )())((2)( ssgssqIqgqIqg ssvf
s
vfv μμμμ λγλγλγγλ ++    (2) 
Here  is the unity matrix in the flavor space (u, d), fI λ  are the color Gell-Mann matrices. 
Dimensional constants of the four-fermion interaction ,  and  are parameters of the 
model. At  the flavor  symmetry occurs. The strange quark violates the 
flavor  symmetry. In order to avoid additional violation parameters we introduce the 
scale shift of the dimensional parameters [27]: 
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Here  and  are the quark masses in the intermediate state of the quark loop. 
Dimensionless parameters g and Λ are supposed to be constants which are independent of the 
quark interaction type. The applicability of Eq. (2) is verified by the success of De Rujula-
Georgi-Glashow quark model [5], where only the short-range part of Breit potential connected 
with the gluon exchange is responsible for the mass splitting in hadron multiplets. 
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 We use the results of our relativistic quark model [27] and write down the pair quark 
amplitudes in the form: 
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Here  are the quark-antiquark vertex functions (Table III). The vertex functions are 
determined by the contribution of the crossing channels. The vertex functions satisfy the Fierz 
relations. All of these vertex functions are generated from ,  and .  and 
)( ikn sG
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)( ikn sρ  are the Chew-Mandelstam functions with cutoff Λ  [28] and the phase space, 
respectively: 
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The coefficients )(nα  , )(nβ  and δ(n) are given in Table IV.  
 Here n=1 corresponds to a qq -pairs with  in the  color state, n=2 defines 
the 
−−= 1PCJ c8
qq -pairs corresponding to mesons with quantum numbers: 
. ++−−+−++−−+−++= 2,1,1,1,0,0,0PCJ
 In the case in question the interacting quarks do not produce a bound state, therefore the 
integration in Eqs. (8) - (12) is carried out from the threshold  to the cutoff 2)( ki mm + )(ikΛ . 
The coupled integral equation systems, corresponding to Fig. 1 (the meson state with n=2 and 
) can be described as: ++= 2PCJ
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where  is a quark mass. im
 In  Eqs. (13) and (15)  is the cosine of the angle between the relative momentum of the 
particles 1 and 2 in the intermediate state and the momentum of the particle 3 in the final state, 
taken in the c.m. of particles 1 and 2. In Eq. (15)  is the cosine of the angle between the 
momenta of the particles 3 and 4 in the final state, taken in the c.m. of particles 1 and 2.  is 
the cosine of the angle between the relative momentum of particles 1 and 2 in the intermediate 
state and the momentum of the particle 4 in the final state, is taken in the c.m. of particles 1 
and 2. In Eq. (14):  is the cosine of the angle between relative momentum of particles 1 and 
2 in the intermediate state and the relative momentum of particles 3 and 4 in the intermediate 
state, taken in the c.m. of particles 1 and 2.  is the cosine of the angle between the relative 
momentum of the particles 3 and 4 in the intermediate state and that of the momentum of the 
particle 1 in the intermediate state, taken in the c.m. of particles 3, 4. 
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  We can pass from the integration over the cosines of the angles to the integration over 
the subenergies. 
 Let us extract two-particle singularities in the amplitudes  ( l =1-4) and 
: 
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We do not extract three- particle singularities, because they are weaker than two-particle 
singularities. 
 We used the classification of singularities, which was proposed in paper [29]. The 
construction of approximate solution of Eqs. (8) - (12) is based on the extraction of the leading 
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singularities of the amplitudes. The main singularities in  are from pair 
rescattering of the particles i and k. First of all there are threshold square-root singularities. 
Also possible are pole singularities which correspond to the bound states. The diagrams of 
Fig.1 apart from two-particle singularities have the triangular singularities and the singularities 
defining the interaction of four particles. Such classification allows us to search the 
corresponding solution of Eqs. (8) - (12) by taking into account some definite number of 
leading singularities and neglecting all the weaker ones. We consider the approximation which 
defines two-particle, triangle and four-particle singularities. The functions 
2)( kiik mms +≈
),,( 12312 ssslα  ( l =1-
4) and  ),,( 34125 sssα  are the  smooth functions of , ,  as compared with the singular 
part of the amplitudes, hence they can be expanded in a series in the singularity point and only 
the first term of this series should be employed further. Using this classification, one defines 
the reduced amplitudes 
sik ikls s
1α , 2α , 3α , 4α , 5α  as well as the B-functions in the middle point of 
the physical region of Dalitz-plot at the point : 0s
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where ,  for  and , i = 2 j = 3 $J1 $J 2 i = 3 , j = 2  for . $J3
 Such a choice of point  allows us to replace the integral Eqs. (8) - (12) (Fig. 1) by the 
algebraic equations (19) - (23) respectively: 
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These functions are similar to the functions: 
 8
)(1
1
2
)()();;;;( '
132
1
1
1
0
12
'
12
'
122
4)(
)(
'
120
132
2
243211
2
21
2
21
sB
dz
ss
sdssBGmmmmsJ
mm
mm
−−= ∫∫
+
−
Λ+
+
ρ
π ,  (24) 
)(1
1
22
)()(
)();;;;(
'
132
1
1
4
1
1
3
4)(
)(
0
34
'
34
'
341
'
34
4)(
)(
0
12
'
12
'
121
'
12
0
132
4
143212
2
43
2
43
2
21
2
21
sB
dzdz
ss
sds
ss
sds
sBGmmmmsJ
mm
mm
mm
mm
−−−×
×=
∫∫∫∫ +
−
+
−
Λ+
+
Λ+
+
ρ
π
ρ
π
,  (25) 
)](1)][(1[
1
21
1
2
)(
4
1
)~,(1
),(1)()();;;;(
'
241
'
131
21
2
2
2
1
22
1
1
1
1
1
4~)(
)(
0
12
'
12
'
122
'
12
0
122
0
1220
241
0
131
2
243213
2
2
2
21
2
21
sBsB
zzzzzz
dzdzdz
ss
sds
sB
sBsBsBGmmmmsJ
z
z
mm
mm
−−×
×+−−−−×
×Λ−
Λ−=
∫∫∫∫
+
−
+
−
+
−
Λ+
+
ρ
π
π
.  (26) 
 
⎪⎩
⎪⎨⎧ +>Λ+
+≤ΛΛ=Λ 2
3123
2
3123
2
3123
)()( if ,)(
)()(  ),(               
)(~
msikms
msikik
ik
if
        (27) 
 The other choices of point  do not change essentially the contributions of s0 1α , 2α , 3α , 4α  
and 5α , therefore we omit the indices . Since the vertex functions depend only slightly on 
energy, it is possible to treat them as constants in our approximation. 
iks0
 The solutions of the system of equations are considered as: 
)(/),()( sDsFs iii λα = , (28)   
where zeros of  determinants define the masses of bound states. )(sD ),( ii sF λ  determine the 
contributions of subamplitudes. 
  
 
III. Calculation results. 
 
 The pole of the reduced amplitudes 1α , 2α , 3α , 4α , 5α  corresponds to the bound state 
and determines the mass of the cryptoexotic meson with =2 and . The quark n ++= 2PCJ
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masses of model = 385 MeV, = 510 MeV coincide with the ordinary meson ones in our 
model. By means of the small changes of the masses nonstrange and strange quarks 
(
dum , sm
Δ+= dudu mm ,, , Δ+= ss mm ) one can effectively take into account the contribution of the 
confinement potential to obtaining the spectrum of exotic mesons. 
 The model in question has only three parameters: 
(1) First group of exotic mesons (Table I): the cutoff Λ = 24, gluon coupling constant = 
0.189, the mass shift = 10 MeV. 
g
Δ
(2) Second group of exotic mesons (Table II): the cutoff Λ = 19.9, gluon coupling constant 
= 0.218, the mass shift = 30 MeV. g Δ
As usual, the masses of mesons with the spin-parity  and   coincide that 
they possess the similar Chew-Mandelstam functions and the vertex functions (Tables III, IV). 
In the first case, the parameters are determined by fixing the masses for the spin-parity 
 M = 1565 MeV and  M = 1295 MeV. In the second case, we use the mass 
of the  M = 1640 MeV and with the  M = 1405 MeV. The mass shifts 
+−= 0PCJ −+= 1PCJ
++= 2PCJ +−= 0PCJ
++= 2PCJ +−= 0PCJ Δ  
have been determined for the best description of the mass spectra of the group 1 and 2 (Tables 
I, II). The results are in good agreement with the experimental data [30]. We predict the masses 
of exotic mesons with quantum number . In our approach the mass of exotic 
meson with the spin-parity  is equal to the mass of cryptoexotic state with 
. The interesting result of this model is the calculation of exotic meson 
amplitudes:the four four-quark amplitudes and the glueball amplitude. The contribution of 
glueball amplitudes for the first and second groups of exotic mesons are given in Tables I and 
II. The contributions of four-quark amplitudes are about 40 % for the first case and 50 % for 
the second case. 
+−−−= 1 ,0PCJ
−−= 0PCJ
++= 0PCJ
 
 
IV Conclusion. 
 
 In a strongly bound system of light quarks such as exotic mesons, where p/m~ 1 for the 
light quarks, the approximation of nonrelativistic kinematics and dynamics is not justified. 
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 The reason for the successful use of quark potential models is connected with a 
successful choice of the effective parameters: the mass of the quarks, the characteristics of the 
confinement potential, and the coupling constant 5α . In quark models, which describe rather 
well the masses and static properties of light hadrons, the masses of the quarks usually have the 
same values for both meson and exotic mesons. However, this is achieved at the expense of 
some difference in the characteristics of the confinement potential. It should be borne in mind 
that for the fixed hadron mass the masses of dressed quarks which enter into the composition 
of the hadron will become smaller when the slope of the confinement potential increases or its 
radius decreases. Therefore conversely, one can change the masses of the quarks when going 
from the spectrum of ordinary mesons to the four-quark states, while keeping the 
characteristics of the confinement potential unchanged. For the sake of simplicity we restrict 
our selves to introduction of the small quark mass shift Δ . 
 In our paper the dynamics of quark interactions is defined by the Chew-Mandelstam 
Functions (Tables IV). We include only three parameters: the cutoff Λ  , gluon coupling 
constant and mass shift Δ. The small quark mass shift g Δ  takes into account the confinement 
potential effectively. The relativistic four-body approach gives rise to the dynamical mixing of 
the four-quark amplitudes and the glueball amplitudes. We calculated the two groups of exotic 
mesons (Tables I, II), which are similar to the candidates for the exotica [30]. 
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Fig. 1 Graphical representation of the equations for the four-quark subamplitudes  ( k =1-4) 
and glueball subamplitude , corresponding to the exotic mesons. 
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Table I. Exotic low-lying meson masses and contribution of glueball subamplitudes. 
Parameters of first group mesons: cutoff Λ = 24, gluon coupling constant g = 0.189, quark 
mass shift = 10 MeV. Δ
Experimental mass values of exotic mesons are given in parentheses [30]. 
J PC  Mass, MeV Glueball contribution % 
2++  1565 (1565) 67.47 
−++− = 10  1295 (1295) 55.27 
++0  1422 (1370) 60.16 
−−1  1558 (1450) 66.93 
++1  1500 (1420) 63.31 
+−1  1327 (   -   ) 56.20 
−−0  1422 (   -   ) 60.16 
 
 
 
Table II. Exotic low-lying meson masses and contribution of glueball subamplitudes. 
Parameters of second group mesons: cutoff Λ = 19.9, gluon coupling constant = 0.218, quark 
mass shift = 30 MeV. 
g
Δ
Experimental mass values of exotic mesons are given in parentheses [30]. 
J PC  Mass, MeV Glueball contribution % 
2++  1640 (1640) 64.81 
−++− = 10  1405 (1405) 52.17 
++0  1542 (1500) 59.15 
−−1  1632 (1570) 64.27 
++1  1569 (1510) 59.95 
+−1  1421 (   -   ) 53.13 
−−0  1542 (   -   ) 59.15 
 
 
 
 
 
 
 
 
 12
Table III. Vertex functions. 
J PC  2nG  
−−1  (n=1) 3g 
++2  (n=2) 4g/3 
++1  (n=2) 4g/3 
−−1  (n=2) 4g/3 
−+1  (n=2) )3/()(43/8 2 ikki smmgg +−  
+−1  (n=2) 4g/3 
++0  (n=2) 3/8g  
+−0  (n=2) )3/()(43/8 2 ikki smmgg +−  
−−0  (n=2) 4g/3 
 
 
Table IV. Coefficients of Chew-Mandelstam functions. 
J PC  α  β  δ  
−−1  (n=1) 1/3 1/6-e/3 -1/6 
++2  (n=2) 3/10 1/5-3e/10 -1/5 
++1  (n=2) 1/2 -e/2 0 
−−1  (n=2) 1/3 1/6-e/3 -1/6 
−+1  (n=2) 1/2 -e/2 0 
+−1  (n=2) 2/3 -e 1/3 
++0  (n=2) 1/2 -1/2 0 
+−0  (n=2) 1/2 -e/2 0 
−−0  (n=2) 1 -1 0 
e m m m mi k i k= − +( ) / (2 2)  
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